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Motivation

Aim:

Study (multiplicity) fluctuations and correlations for a
final state hadron resonance gas in limited acceptance

in the microcanonical limit.

Tool: Monte Carlo

We first sample the GCE, then
extrapolate to the MCE ‘sample and reject’ limit.
This allows for inclusion of resonance decay
effects, and
the for analysis of ‘real events’.
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Statistical Ensembles

Textbook Statistical Ensembles

MCE CE GCE

Z (V ,E ,Q) Z (V ,T ,Q) Z (V ,T , µ)

P
E

e−E/T Z (V ,E ,Q)
P
Q

eQµ/T Z (V ,T ,Q)

== simpler to calculate and to sample =⇒
⇐= more interesting ==
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Monte Carlo Event Generator

Sampling the GCE (Boltzmann)

1. Multiplicity

P(Nj ) =
z

Nj
j

Nj !
e−zj , where

zj =
gj V
2π2 m2

j T K2
(mj

T

)
eµj/T

2. Momentum Spectrum

dN
dpj
∝ p2

j e−
q

m2
j +p2

j /T

Particles are sampled independently and
are isotropically distributed

in momentum space.
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Monte Carlo Event Generator

Sampling the GCE (Boltzmann)

3. Resonance Decay
Perform 2 and 3 body decays
Allow for successive decay of unstable daughters
Consider only strong decays, and omit weak and
electro magnetic decays

See also: THERMINATOR package

4. Calculate Extensive Quantities
Calculate for each event n:

Ql
1,n =

∑
particles in ql

in , where

ql
in =

(
bin , sin , qin , εin , px ,in , py ,in , pz,in

)
is the ‘charge vector’ of particle i in event n.
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Grand Canonical Ensemble

Momentum Spectra and Distributions

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV full hadron gas
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Grand Canonical Ensemble

Moments of a Distribution

Moments of a Distribution

〈X nY m〉 ≡
∑
X ,Y

X n Y m P(X ,Y )

Variance

〈(∆X )2〉 = 〈X 2〉 − 〈X 〉2
Covariance

〈∆X∆Y 〉 = 〈XY 〉 − 〈X 〉〈Y 〉

Scaled Variance

ωX = 〈(∆X)2〉
〈X〉

Correlation Coefficient

ρXY = 〈∆X∆Y 〉√
〈(∆X)2〉〈(∆Y )2〉
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Grand Canonical Ensemble

GCE Correlations between Charges
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV full hadron gas

Correlation Coefficient ρBS in Limited Acceptance

The correlation is sensitive to one’s
acceptance window.

The ∆pT and ∆y dependence is
caused by different hadron masses.

Resonance decay:
does not change trends.

could, however, wash out the signal!
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Grand Canonical Ensemble

GCE Correlations between Charges
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV full hadron gas

Correlation Coefficient ρBQ in Limited Acceptance

The correlation is sensitive to one’s
acceptance window.

The ∆pT and ∆y dependence is
caused by different hadron masses.

Resonance decay:
does not change trends.

could, however, wash out the signal!
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Grand Canonical Ensemble

GCE Correlations between Charges
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV full hadron gas

Correlation Coefficient ρSQ in Limited Acceptance

The correlation is sensitive to one’s
acceptance window.

The ∆pT and ∆y dependence is
caused by different hadron masses.

Resonance decay:
does not change trends.

could, however, wash out the signal!
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Extrapolating to the MCE

Systems With Finite Bath

System 1

ZN1 (V1,Q1)

System 2

Z (V2,Q2)

Impose Contstraints

Vg = V1 + V2 and Qg = Q1 + Q2

Then for the combined System

Z (Vg ,Qg) =
P
Q1

P
N1

Z (Vg−V1,Qg−Q1)ZN1 (V1,Q1)

Probability Distribution

P(Q1,N1) =
Z (Vg−V1,Qg−Q1)

Z (Vg ,Qg )
ZN1 (V1,Q1)

= W (V1,Q1; Vg ,Qg) ZN1 (V1,Q1)

= WQ1;Qg
P (V1; Vg |β, µ) Pgce(Q1,N1)

Defines a ‘family’ of thermodynamically
equivalent ensembles (V1 very large)

Effectively a recipe for a Monte Carlo
scheme
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.000

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

-310×

particle number    N
600 650 700 750 800 850 900 950 1000

en
er

g
y 

E
 [

G
eV

]

550

600

650

700

750

800

850

900

950

1000

0

0.1

0.2

0.3

0.4

0.5

-310×

particle number    N
600 650 700 750 800 850 900 950 1000

b
ar

yo
n

 n
u

m
b

er
   

 B

-60

-40

-20

0

20

40

60

0

0.05

0.1

0.15

0.2

0.25

 weight W
0 1 2 3 4 5 6 7 8 9 10

en
er

g
y 

E
 [

G
eV

]

550

600

650

700

750

800

850

900

950

1000

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

 weight W
0 1 2 3 4 5 6 7 8 9 10

b
ar

yo
n

 n
u

m
b

er
   

 B

-60

-40

-20

0

20

40

60

Michael Hauer Statistical Systems with Finite Bath CPOD June 8, 2009 11 / 17



Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.050
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.100
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.150
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.200
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.250
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.300
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.350
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.400
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.450
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.500
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.550
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.600
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.650
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.700
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.750
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.800
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.850
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.900
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Extrapolating to the MCE

Statistical Distributions and Weight Factor

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.950
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Extrapolating to the MCE

As a function of ‘the size of the bath‘ λ

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg

〈X 〉 and ρXY remain const. 〈(∆X )2〉 and 〈∆X∆Y 〉 converge linearly.
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Extrapolating to the MCE

As a function of ‘the size of the bath‘ λ

V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg

The av. weight 〈W〉 = 1 However: 〈(∆W)2〉 diverges as λ→ 1.
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Multiplicity Fluctuations

Grand Canonical Ensemble
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV GCE

Resonance decay is the only source of correlation.
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Multiplicity Fluctuations

Microcanonical Ensemble
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV MCE

Extrapolated results, re-weighting B, S, Q, E , Pz .
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Multiplicity Fluctuations

Momentum Cuts in NA49 Data

UrQMD vs. NA49 158AGeV Pb-Pb data (1% most central)

Rapidity and transverse momentum
dependence also seen in data!

MCE effects are of similar magnitude
as proposed enhancement due to a
phase transition / critical point!

B. Lungwitz et al. [NA49 Collaboration], PoS C POD07, 023 (2007)
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Conclusion

Conclusion

1 We have an developed a thermal model Monte Carlo event
generator capable of accounting for globally applied
conservation laws in the large volume limit.

2 Fluctuations and Correlations are ensembles specific.
3 Fluctuations and Correlations are sensitive to what part of

a system is observed.

4 NA49 data, UrQMD as well as MCE show suppressed
multiplicity fluctuations in momentum bins with high
pT and y .

5 Fluctuations are an important test for the statistical
hadronization model.
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Conclusion

Conclusion

1 We have an developed a thermal model Monte Carlo event
generator capable of accounting for globally applied
conservation laws in the large volume limit.

2 Fluctuations and Correlations are ensembles specific.
3 Fluctuations and Correlations are sensitive to what part of

a system is observed.

4 NA49 data, UrQMD as well as MCE show suppressed
multiplicity fluctuations in momentum bins with high
pT and y .

5 Fluctuations are an important test for the statistical
hadronization model. (Or any other model, in fact.)
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Conclusion

Outlook
Study Angular Correlations ‘Explore‘ the phase diagram

After I have written a thesis, my boss says.
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3 Particle Correlations

Correlation Function

A simple Boltzmann pion gas

V1 = 1000fm3 T = 0.16GeV µQ = 0.0GeV λ = V1/Vg = 0.000

0.0GeV < passo
T < 1.0GeV and 1.0GeV < ptrigger

T < 4.0GeV

The re-weighting was done w.r.t. Q, E , Px , Py , (but not Pz )
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3 Particle Correlations

Correlation Function

A simple Boltzmann pion gas

V1 = 1000fm3 T = 0.16GeV µQ = 0.0GeV λ = V1/Vg = 0.250

0.0GeV < passo
T < 1.0GeV and 1.0GeV < ptrigger

T < 4.0GeV

The re-weighting was done w.r.t. Q, E , Px , Py , (but not Pz )
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3 Particle Correlations

Correlation Function

A simple Boltzmann pion gas

V1 = 1000fm3 T = 0.16GeV µQ = 0.0GeV λ = V1/Vg = 0.500

0.0GeV < passo
T < 1.0GeV and 1.0GeV < ptrigger

T < 4.0GeV

The re-weighting was done w.r.t. Q, E , Px , Py , (but not Pz )
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3 Particle Correlations

Correlation Function

A simple Boltzmann pion gas

V1 = 1000fm3 T = 0.16GeV µQ = 0.0GeV λ = V1/Vg = 0.750

0.0GeV < passo
T < 1.0GeV and 1.0GeV < ptrigger

T < 4.0GeV

The re-weighting was done w.r.t. Q, E , Px , Py , (but not Pz )
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Extrapolating to the MCE

Multiplicity Distributions
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV full hadron gas

Primordial Transverse Momentum Dependence
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Extrapolating to the MCE

Multiplicity Distributions
V1 = 2000fm3 T = 0.16GeV µ = 0.0GeV λ = V1/Vg = 0.75

Convergence with the sample size
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